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Braneworld effective action for two-brane model is constructed by two differ-
ent methods based respectively on the Dirichlet and Neumann boundary value
problems. The equivalence of these methods is shown due to nontrivial duality
relations between special boundary operators of these two problems.
1 Introduction
Calculational methods for braneworld phenomena [1] incorporate together
with the well-known old formalisms, like the effective action approach, special
new features associated with bulk/brane (boundary) ingredients characteristic
of the braneworld scenarios. In what follows we focus our attention at the pe-
culiarities of the Dirichlet and Neumann boundary conditions in braneworld
setup, the way they arise in the course of calculating braneworld effective ac-
tion and, in particular, at a sort of duality relation between these problems.
In braneworld context this duality manifests itself in the equality of special
boundary operators originating from Dirichlet and Neumann boundary value
problems and appearing in the braneworld effective action.
Braneworld effective action implicitly incorporates the dynamics of the
fields in the bulk and explicitly features the boundary fields (being the func-
tional of those). Such action, on the one hand, arises as a result of integrating
out the bulk fields subject to boundary (brane) fields and, on the other hand,
generates effective equations of motion for the latter. This situation obviously
suggests two strategies of calculating the braneworld action. One strategy con-
sists in its direct calculation and, in the tree-level approximation, reduces to
solving the equations of motion in the bulk subject to given boundary values
– brane fields – and substituting the result into the fundamental bulk action.
Thus, this strategy involves the Dirichlet problem. Another strategy consists
in recovering the braneworld effective action from effective equations of motion
for brane fields. Since the latter incorporates well known Israel junction condi-
tions on branes, this method relies on the Neumann boundary value problem.
Here we show that they really match in view of a nontrivial relation between
nonlocal brane operators arising as restriction of (properly differentiated) ker-
nels of Dirichlet and Neumann Green’s functions to the boundaries/branes.
2 Dirichlet and Neumann boundary value problems and
braneworld action
In this section we demonstrate the construction of the effective action on the
example of the two-brane Randall-Sundrum model [2]. The gravitational part
of its action is
S[G ] =
∫
B×Z2
d
(d+1)
X
√
G
(
R(G)− 2Λ)−∑
i
∫
bi
d
d
x
√
g
(
2[K] + τi
)
. (1)
The orbifold symmetry implies that the (d+1)-dimensional integration runs
over two identical copies, B × Z2, of the bulk B which is bounded by two
d-dimensional branes bi that can be regarded as the boundaries of B. The
discrete index enumerating the branes runs over two values i = ±. Here G =
GAB(X) (A = 0, 1, ..., d) is the bulk metric and g = g
±
αβ(x) (α = 0, 1, ..., d−1)
denotes the collection of induced metrics on i = ± branes, K is the trace of
the extrinsic curvature on the brane defined as K = GAB∇AnB, where ∇A is
a covariant (d+1)-dimensional derivative and n is the inward pointing normal
and [K] is the sum of the so-defined extrinsic curvatures on both sides of the
brane. τ
n
are brane tensions.
Braneworld effective action is formally defined [3, 4] as the result of in-
tegrating out the bulk metric subject to given values of induced metrics on
branes
exp
(
iSeff [ g ]
)
=
∫
DG exp
(
iS[G ]
)∣∣∣∣
Gαβ(b±)=g
±
αβ
. (2)
When this integration is done within ~-expansion the result reads
Seff [ g ] = S
[
G[ g ]
]
+O(~), (3)
where the tree-level part S
[
G[ g ]
]
is a result of substituting in the classical
bulk action the solution G[g] of the following Dirichlet boundary value problem
δ S[G ]
δGAB(X)
= 0, Gαβ(X)
∣∣
b±
= g±αβ(x). (4)
Expression (2) is formal at least because the theory (1) is gauge invariant
and one should factor out the gauge group from the path integral. The presence
of gauge invariance also manifests itself in the fact that not all components
of GAB(X) should be fixed on boundaries – one fixes only induced metrics on
both branes Gαβ(x).
To obtain the effective action exactly for given arbitrary metrics g±αβ(x) is
obviously impossible. So we will proceed within perturbation theory. First
we choose some background – the solution of Einstein equations of motion
G0AB(X) with some background boundary conditions (g
±
αβ)
0(x) and perturba-
tively expand the action up to the second order in perturbations h±αβ(x) of
g±αβ = (g
±
αβ)
0(x) + h±αβ(x) inducing the perturbations HAB(X) of GAB(X) =
G0AB(X) +HAB(X) in the bulk.
Possible background solutions with nonintersecting branes are the config-
urations with ”parallel” branes generalizing the Randall-Sundrum solution.
They have the form
G0AB(X)dX
AdXB = a2(y) gαβ(x)dx
αdxβ + dy2 (5)
in the coordinates XA = (xα, y) in which the branes are hypersurfaces of con-
stant y located at some y = y+ and y = y− with two conformally equivalent
background induced metric (g±αβ)
0 = a2(y±) gαβ(x). For various values of ten-
sions the solutions with d-dimensional dS, flat or AdS branes are possible
[4, 5] for the homogeneous metrics gαβ(x) of positive, zero and negative scalar
curvature respectively.
For simplicity we shall consider the sector of transverse-traceless pertur-
bations of induced metrics h±αβ(x) = a
2(y±)γ
±
αβ(x), g
αβγαβ = 0 , ▽αγαβ = 0,
and generated by them metric perturbations in the bulk, HAB(X) dX
AdXB =
a2(y)γαβ(x, y)dx
αdxβ . Here the notation ▽α stands for the covariant d-dimen-
sional derivative with with respect to the background metric gαβ(x). The
contribution of the scalar sector of metric perturbations can be found in [4].
The gravitational action (1) expanded to quadratic order in such pertur-
bations reads [4]
S[γ±] =
1
2
∫
B
d
d
x dy ad(y)
√
g(x) γ
(
Fˆγ
)
+
1
2
∑
i
∫
bi
d
d
x
√
g(x) γ
(
Wˆγ
)
, (6)
where
Fˆ = a−d∂ya
d∂y + a
−2
(
− 2
d(d− 1)R(g)
)
(7)
is the inverse propagator of transverse-traceless modes (gravitons) in the bulk,
 = gαβ(x)▽α▽β is the covariant d’Alembertian on the brane, R(g) – constant
scalar curvature of dSd, Rd−1,1 or AdSd spaces with the metric gαβ(x). The
first-order differential operator Wˆ in the surface term is the Wronskian opera-
tor corresponding to (7), Wˆ = adnA∇A, which participates in the Wronskian
relation for Fˆ (see below).
In order to find quadratic approximation for Seff [g] of (3) one should solve
the linearized boundary value problem (2) on the background (5) with Dirichlet
boundary conditions γ± and substitute it in (6). The result reads as [4]
Seff [ γ ] = −1
2
∫
b
d
d
x
√
g(x)
∫
b
d
d
x′
√
g(x′)
∑
k,l
γk(x)[
−→
WGD
←−
W]kl(x, x
′)γl(x′),
(8)
where the integral kernel of the quadratic form
[
−→
WGD
←−
W]kl(x, x
′) =
−→
WGD(X,X
′)
←−
W′
∣∣∣
X=Xk(x), X′=Xl(x′)
(9)
(
←−
W′ obviously acting on the second (primed) argument of GD(X,X
′)) ex-
presses in terms of the Dirichlet Green’s function of Fˆ satisfying{
FˆGD(X,X
′) = δ(X,X ′) ,
GD(X,X
′)
∣∣
X=Xk(x)
= 0,
(10)
and X = Xk(x) is the notation for the embedding functions of the k-th brane
into the bulk.
There exists an alternative derivation of the effective action suggested in
[3, 7]. One can recover the action from the effective equations for brane d-
dimensional field. They actually represent the junction conditions on branes
rewritten in terms of the brane metric [3, 4]. For the same two-brane sce-
nario this derivation looks as follows. To begin with, supplement the purely
gravitational action (1) by the action of matter fields ϕ located on branes,
S[G ] ⇒ S[G,ϕ ] = S[G ] + Smat[ g, ϕ ]. Under this modification the effec-
tive action defined by (2) changes by the same trivial additive law, Seff [ g ]⇒
Seff [ g, ϕ ] = Seff [ g ] + Smat[ g, ϕ ], because no integration over the fields (ϕ, g)
is done on branes.
The variation of this action involves the sum of bulk part and the surface
term, arising from integration by parts, located on branes. The demand of
stationarity of the action then reduces to two equations – the requirement
that both bulk and brane parts of this variation vanish –(
RAB − 1
2
RGAB
)
(X)− ΛGAB(X) = 0, (11)( [
Kαβ −Kgαβ]+ 1
2
T αβ − 1
2
gαβτi
)∣∣∣∣
bi
= 0, (12)
where Kαβ is the extrinsic curvature tensor and T αβ is the matter stress tensor
on a respective brane. The second equation is nothing but Israel junction
condition.
These equations give rise to a nonlinear boundary value problem of Neu-
mann type, since the Israel junction conditions contain derivatives normal to
branes. Again to handle the problem one has use the perturbation procedure.
After linearization of (12) on the background (5) one obtains in the transverse-
traceless sector the following boundary value problem for transverse-traceless
tensor perturbations
Fˆγ(x, y) = 0 , ad∇nγ(x, y)
∣∣∣
bi
= −1
2
ti(x), (13)
where ti is the transverse traceless part of the appropriately rescaled matter
stress tensor on the i-th brane (for brevity we omit the tensor indices).
The solution of this problem on branes
γl(x) ≡ γ(x, yl) = −1
2
∑
n
∫
bn
d
d
x′
√
g(x′)Gl nN (x, x
′) tn(x
′), (14)
is given in terms of the following restriction to these branes
GlnN (x, x
′) = GN(X,X
′)
∣∣∣
X=Xl(x), X′=Xn(x′)
(15)
of the Neumann Green’s function of Fˆ satisfying{
FˆGN(X,X
′) = δ(X,X ′) ,
WˆGN(X,X
′)
∣∣
X=Xk(x)
= 0.
(16)
Note that in contrast to (9) the kernel of the integral operation in (14) is built
in terms of the Neumann Green’s function rather than the Dirichlet one.
Eq. (14) is the effective equation of motion for brane metrics in the presence
of matter sources on branes. It should be derivable by variational procedure
from the braneworld effective action we are looking for, Seff [ g, ϕ ] = Seff [ g ] +
Smat[ g, ϕ ]. From this observation it is straightforward to recover Seff [ g ] =
Seff [ γ ]+O(γ
3) in the quadratic approximation by functionally integrating the
equation (14) and taking into account a simple fact that in the variational
derivative of Seff [ g, ϕ ] the stress tensor enters with a local algebraic coefficient
1/2 (this helps one to find the overall integrating factor). The final result reads
[3, 4]
Seff [ γ ] =
1
2
∫
b
d
d
x
√
g(x)
∫
b
d
d
x′
√
g(x′)
∑
k,l=±
γk(x)[G−1N ]kl(x, x
′) γl(x), (17)
where [G−1N ]kl(x, x
′) is the kernel of the integral operation inverse to that of
(14).
3 Duality of boundary value problems
The consistency of two alternative derivations of the above type implies the
equivalence of the two algorithms (17) and (8) which implies the relation be-
tween the nonlocal kernels defined by Eqs. (9) and (15)
[
−→
WGD
←−
W]kl(x, x
′) = − [G−1N ]kl(x, x′). (18)
This statement can be proved [4] irrespective of braneworld theory context,
since it is the property of Green’s functions of the second-order differential
operator of a rather general form, acting in space with boundaries. The proof
in a slightly more general setting, when the two branes are replaced by the
generic set of boundaries of codimension one, looks as follows.
Consider M – arbitrary (for simplicity connected) manifold with bound-
aries ∂Ml: ∂M =
⋃
l ∂Ml. Let us introduce Φ – some field (or set of fields)
in the bulk, and let their free dynamics of be governed by some nondegenerate
second order differential operator Fˆ. Denote boundary values of the bulk field
by φ: Φ |∂Ml = φl. Alternatively, if one introduces some coordinate system
X on M and coordinates x on ∂Ml and embedding functions Xl(x), then
Φ(X) |X=Xl(x) = φl(x). Define also the first order differential (Wronskian)
operator Wˆ associated with Fˆ by the following Wronskian relation∫
M
dV Φ(FˆΨ) +
∫
∂M
dS Φ(WˆΨ) =
∫
M
dV Φ
←→
F Ψ (19)
valid for arbitrary Φ and Ψ. Here dV is the bulk measure in which Fˆ is
symmetric, dS is some boundary measure and
←→
F is understood (in the sense
of integrating by parts) as acting on both right and left fields at most with
the first-order derivatives (for Ψ = Φ the combination Φ
←→
F Φ implies the La-
grangian of the field Φ quadratic in the first-order derivatives ∂Φ). Finally,
define the set of sources jk, each located on a respective boundary ∂Mk.
To demonstrate the duality relation (18) lets us first explicitly pose Neu-
mann and Dirichlet boundary value problems for Φ. The Neumann problem
has the following form involving the boundary sources jk{
FˆΦ(X) = 0 ,
WˆΦ(X)
∣∣
X=Xk(x)
= jk(x).
(20)
It has the solution
Φ(X) =
∑
k
∫
∂Mk
dS ′ GN
(
X,Xk(x
′)
)
jk(x
′), (21)
in terms of the Neumann Green function obeying the boundary value prob-
lem (16) (in which the normalization of δ(X,X ′) is defined by the relation∫
M
dV Φ(X)δ(X,X ′) = Φ(X ′) ). The restriction of this solution to boundaries
reads
φl(x) =
∑
k
∫
∂Mk
dS ′ GlkN (x, x
′)jk(x
′), (22)
where the kernel GlkN(x, x
′) is defined by (15).
On the other hand, Φ(X) can be treated as a solution of the Dirichlet
boundary value problem{
FˆΦ(X) = 0 ,
Φ(X)
∣∣
X=Xk(x)
= φk(x) ,
(23)
with boundary conditions given by (22). Its solution in terms of the Dirichlet
Green’s function (10) reads
Φ(X) = −
∑
l
∫
∂Ml
dS ′GD(X,X
′)
←−
W′
∣∣∣
X′=Xl(x′)
φl(x′). (24)
Let us act on this solution by the Wronskian operator, restrict the result to
the k-th boundary and take into account that jk(x) = WˆΦ(X)|X=Xk(x). This
leads to the equation
jk(x) = −
∑
l
∫
∂Ml
dS ′ [
−→
WGD
←−
W]kl(x, x
′)φl(x′) (25)
with the kernel [
−→
WGD
←−
W]kl(x, x
′) defined by Eq. (9).
Comparing (22) and (25) one finds the needed duality relation (18) between
the kernelsGlkN(x, x
′) and−[−→WGD←−W]kl(x, x′)– they form inverse to one another
integral operations on the full boundary ∂M in the boundary measure dS
∑
l
∫
∂Ml
dS ′ [
−→
WGD
←−
W]kl(x, x
′)GliN(x
′, x′′) = −δik δ(x, x′′). (26)
4 Conclusions
We illustrated the calculation of the effective action in braneworld scenar-
ios within two different schemes resorting to Dirichlet and Neumann boundary
value problems. Their equivalence is guaranteed by a special duality relation
between the boundary operators associated respectively with the Dirichlet and
Neumann Green’s functions of the theory. Irrespective of the braneworld con-
text this relation holds in a rather general setup. Thus, it seems to have a much
wider scope of implications in various models relating volume (bulk) and sur-
face phenomena, like graviton localization [2], AdS/CFT correspondence and
holography principle [8]. In particular, this relation explains the dual struc-
ture of poles and roots of the nonlocal wave operator of the effective theory
underlying the positivity of residues at all the poles of its propagator – the
property accounting for normal non-ghost nature of all massive Kaluza-Klein
modes in two-brane models [3, 9].
Acknowledgements
The work of A.O.B was supported by the RFBR grant No 02-01-00930.
The work of D.V.N. was supported by the RFBR grant No 02-02-17054 and
by the Landau Foundation. This work was also supported by the RFBR grant
for Leading Scientific Schools No 00-15-96566.
[1] I.Antoniadis, Phys. Lett. B 246 (1990) 377; J.Polchinski, Phys. Rev. Lett.
75 (1995) 4724; P.Horˇava and E.Witten, Nucl. Phys. B 460 (1996) 506;
N.Arkani-Hamed, S.Dimopoulos and G.Dvali, Phys.Lett.B429(1998)263.
[2] L.Randall and R.Sundrum, Phys.Rev.Lett. 83 (1999) 4690;
Phys.Rev.Lett. 83 (1999) 3370; J.Garriga and T.Tanaka, Phys.
Rev. Lett. 84 (2000) 2778-2781.
[3] A.O.Barvinsky, A.Yu.Kamenshchik, C.Kiefer, A.Rathke, ”Braneworld
effective action: An alternative to Kaluza-Klein reduction”, [hep-
th/0206188].
[4] A.O.Barvinsky, D.V.Nesterov ”Duality of boundary value problems and
braneworld action in curved brane models”, [hep-th/0210005].
[5] E.Flanagan, N.Jones, H.Stoica, H.Tye, I.Wasserman, Phys.Rev. D 64
(2001) 045007.
[6] A.O.Barvinsky, D.V.Nesterov, work in progress.
[7] A.O.Barvinsky, Phys. Rev. D65 (2002) 062003.
[8] V.Balasubramanian, P.Kraus and A.E.Lawrence, Phys. Rev. D 59
(1999) 046003; S.S.Gubser, Phys. Rev. D63 (2001) 084017; N.Arkani-
Hamed, M.Porrati and L.Randall, ”Holography and phenomenology”;
K.Skenderis and S.N.Solodukhin, Phys. Lett. B 472 (2000) 316; I.Sachs
and S.N.Solodukhin, Phys. Rev. D64 (2001) 124023.
[9] A.O.Barvinsky, A.Yu.Kamenshchik, C.Kiefer and A.Rathke, “Phase tran-
sitions, massive gravitons and effective action in braneworld theory”,
[hep-th/0210257], talk given by A.O.Barvinsky at the Third International
Sakharov Conference, Moscow, June, 2002.
